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Introdution.
Introdued by H. Hofer [15℄, the displaement energy of a subset X of the sympleti manifold
(M,ω) is the minimal mean osillation norm for a Hamiltonian to displae X (see the reminders
below). Floer homologies have been developped sine the early work of A. Floer [7, 8, 9℄. Estima-
ting the displaement energy appears unquestionably as one of its important appliations. In that
diretion, ompat Lagrangian submanifolds L have positive displaement energies, under natural
assumptions on the sympleti topology of (M,ω) at innity.
More preisely, the displaement energy of L is greater than or equal to the minimal sympleti
area of holomorphi disks bounded by L. This preise estimate was obtained by Y.V. Chekhanov [4℄
in 1998
1
. There exist dierent approahes to get it. The work presented below puts side by side
those using methods related to the Lagrangian Floer homology. The estimate an be dedued from
the elebrated paper of M. Gromov [12℄.
Aknowledgments. I warmly thank C. Viterbo for many usefull disussions on the loalization
of Floer homologies. His omments on a rst draft helped me to improve this paper.
Notations.
As usual, ω denotes a sympleti form on the manifold M and n is half the dimension of M .
For an introdution to the sympleti topology, see the lassial books [20, 15℄. A Hamiltonian is a
ompatly supported time-depending C3-funtion H : [0, 1]×M → R. Its Hamiltonian vetor eld
{Xt} is impliitely dened via the formula ι(Xt)ω = −dHt. Its ow {ϕHt } is alled the Hamiltonian
ow of H . The displaement energy of a ompat subset K ⊂M is dened as
E(K) = inf
{
‖H‖, ϕH1 (K) ∩K = ∅
}
,
1
Chekhanov's paper is onerned with rational losed Lagrangian submanifolds in ompat sympleti manifolds.
But his work extends to the more general situation stated here.
1
where ‖H‖ is the mean osillation2 of H :
‖H‖ =
∫ 1
0
[maxHt −minHt] dt .
Dene also the funtionals ‖ · ‖+ and ‖ · ‖− by
‖H‖+ =
∫ 1
0
(maxHt)dt
‖H‖− = −
∫ 1
0
(minHt)dt = ‖ −H‖+
Whenever K ∩ ϕH1 (K) = ∅, the Hamiltonian H is said to displae K.
An almost omplex struture J is ω-tame when ω(X, JX) is positive for all nonzero vetors X .
Basi fats on the holomorphi urves are quikly realled in subsetion 1.1 and appendix 5.1.
Throughout the paper, the following notations are used :
D = {z ∈ C, |z| ≤ 1} , (1)
D± = {z ∈ C, |z| ≤ 1 and ± Re z ≥ 0} , (2)
B = {z ∈ C, 0 ≤ Im z ≤ 1} , (3)
BR = {z ∈ C, 0 ≤ Im z ≤ 1 and |Re z| ≤ R} . (4)
A ompat submanifold L is alled Lagrangian if L is n-dimensional and ω vanishes along TL.
Given an ω-tame almost omplex struture J , set ~L(J) to be the minimal sympleti area of non-
onstant J-holomorphi disks bounded by L. Set ~L = sup ~L(J), the supremum being taken on
the spae
3 I3(ω) of ω-tame almost omplex strutures of lass C3. Provided that the sympleti
manifold (M,ω) is geometrially bounded (see the denition in setion 1), ~L > 0.
Theorem 0.1 (Chekanov 1998 [4, 22℄). Let L be a ompat Lagrangian submanifold of a geome-
trially bounded sympleti manifold (M,ω). Then, its displaement energy is positive :
E(L) ≥ ~L .
Moreover, for eah generi Hamiltonian H whose mean osillation is less than ~L, the intersetion
L ∩ ϕH1 (L) is nite, and
♯L ∩ ϕH1 (L) ≥
n∑
i=0
dimHi(L,F2) .
The above estimate is optimal, as shown by the following example. Take L = S1 × aS1 with
a > 1 in the sympleti vetor spae C2. Chekhanov's theorem implies that its displaement energy
is exatly πa2. Indeed the holomorphi disks (for the standard omplex struture) bounded by L
are exatly the maps z 7→ (eiθzk, aeiθ
′
zl) with k, l ≥ 0.
2
Often alled the Hofer norm of H, see for instane [15, 20℄.
3
Other assumptions on the regularity are possible. But dierent hoies do not aet the onstant ~L.
2
Historial omments and ontents.
In the end of the sixties, V.I. Arnold [2℄ onjetured that, in a ompat sympleti manifold,
an exat Lagrangian submanifold L is non-displaeable. In other words, its displaement energy is
innite, whih an be viewed now as a diret onsequene of Chekhanov's theorem. In 1985, M. Gro-
mov [12℄ answered positively to the question of Arnold for ompat and weakly exat sympleti
manifolds. Based on Gromov's arguments, L. Polterovih [25℄ proved in 1993 that the displae-
ment energy of a rational ompat Lagrangian submanifold is greater than or equal to a where
ωπ2(M,L) = 2aZ (0 < a < ∞). Setion 1 presents a weak improvement of Gromov's proof, whih
leads to the rst part of Chekhanov's theorem.
A. Floer [7, 8, 9℄ presented a rereading of Gromov's work mixing with homologial methods.
He introdued the Lagrangian Floer homology, and got the above estimates on the number of
intersetions in the exat ase. The generalisation to any Lagrangian submanifolds requires the
vanishing of obstrutions dened reursively and taking aount the presene of holomorphi disks
with non-positive Maslov indies (see [10℄). Moreover, if it is well-dened, the Lagrangian Floer
homology is zero when L is displaeable. Thus, it seems not to reet the persistene of Lagrangian
intersetions under small perturbations, stated by Chekhanov's theorem. This persistene an easily
be heked for C2-small Hamiltonians as a diret onsequene of Weinstein's neighborhood theorem
(see [34, 35℄).
In 1998, Chekhanov [4, 22℄ dened a ltered version of the Lagrangian Floer homology, denoted
here HF
(a,b]
∗ (L, ω;H, J0). It is perfetly well-dened for a ompat Lagrangian submanifold L pro-
vided that b− a < ~L(J0) for a xed ω-tame and geometrially bounded almost omplex struture
J0. Following Chekhanov, when ‖H‖+ ≤ b and ‖H‖− < −a, the ontinuation maps give :
HM∗(L)→ HF
(a,b]
∗ (L;H,ω, J0)→ HM∗(L) ,
whose omposition is the identity (proposition 2.4). The rank-nullity theorem leads to the estimates
stated in Theorem 0.1. Those maps an be dened as a loal version of PSS maps, whih were rst
introdued in [26℄ (Piunikhin-Salamon-Shwarz). This dierent approah, presented in setion 3, is
due to Kerman [18℄ at least for a loal version of the Hamiltonian Floer homology.
There exists a slight dierent approah of displaeability, based on the ation seletors [31, 32,
13℄. We de not evoke it within the present paper, whih presents in details the three aproahes
mentionned above. Here is the table of ontents.
1 Gromov's proof 5
1.1 Reminders on holomorphi urves. . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.2 Floer ontinuation strips. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.3 Proof of theorem 1.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2 Chekhanov's proof. 12
2.1 Filtered Lagrangian Floer homology. . . . . . . . . . . . . . . . . . . . . . . . . 12
2.2 Denition of the ontinuation maps. . . . . . . . . . . . . . . . . . . . . . . . . 14
2.3 Proof of Theorem 0.1 for rational Lagrangian submanifolds. . . . . . . . . . . . 16
3 Kerman's proof. 20
3.1 Denition of the relative PSS maps. . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.2 Proof of Theorem 0.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.3 Equivalene of the previous proofs. . . . . . . . . . . . . . . . . . . . . . . . . . 23
3
4 Conluding remarks. 25
5 Appendies. 27
5.1 Estimates on the energies. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
5.2 Remarks on the original proof due to Chekhanov. . . . . . . . . . . . . . . . . . 29
Throughout the paper, gluing and splitting are not expliitly justied. Most transversality ar-
guments are skipped. The reader is referred to [21℄ for details.
4
1. Gromov's proof
This setion is devoted to revisiting the elebrated paper [12℄ of M. Gromov. Assume (M,ω) to
be geometrially bounded ([3℄, Chapter V, denition 2.2.1) :
C1  There is a Riemannian metri g, suh that, for some positive onstant C, the injetivity
radius of g is greater than 3/C and the setional urvature of g is less than C.
C2  There exists a smooth almost omplex struture J0 suh that, for every tangent vetors X ,
we have : Cω(X, J0X) ≥ ‖X‖2 and |ω(X,Y )| ≤ C‖X‖.‖Y ‖.
Examples of geometrially bounded sympleti manifolds inlude sympleti vetor spaes, lo-
sed sympleti manifolds and otangent bundles of ompat manifolds. More general examples are
onstruting by adding ones to ompat sympleti manifolds with ontat type boundaries. The
above onditions were already stated in the original work of Gromov. In 1985, Gromov [12℄ in-
trodued the holomorphi urves in sympleti topology. He proved that, in a weakly exat
4
and
geometrially bounded sympleti manifold, a displaeable ompat Lagrangian submanifold Lmust
bound at least one holomorphi disk ([12℄, Setion 2.3). The arguments developped there serve to
prove
Theorem 1.1. Let L be a ompat Lagrangian submanifold of a geometrially bounded sympleti
manifold (M,ω). Then, its displaement energy is positive :
E(L) ≥ ~L .
The onstant ~L is dened in subsubsetion 1.1.2. From ([12℄, 2.3-B), the existene of non-
onstant holomorphi urves is guaranted by the non-existene of solutions of some ellipti equa-
tions, as those studied in subsetion 1.2. The proof given in subsetion 1.3 simply adds estimates
on the energies.
1.1. Reminders on holomorphi urves.
In the sequel, we will need to perturb J0. Fix A > C. Let I3A(J0) stand for the spae of almost
omplex strutures J of lass C3,
- equal to J0 outside a suiently large ompat subset of M ;
- and satisfying : Aω(X, JX) ≥ ‖X‖2 for all tangent vetors X .
Note that I3A(J0) is a smooth Frehet manifold.
1.1.1. A ompat Riemannian surfae Σ an be viewed as a ompat, orientable real surfae,
equipped with a omplex struture j. Given a Σ-parametrized family5 J = {Jz, z ∈ Σ} of almost
omplex strutures in I3A(J0), a J-holomorphi urve is a map u : Σ → M of lass W
1,p
(with
p > 2) satisfying the Cauhy-Riemann equation ([21℄, setion 2.2)
∂Ju(z) =
1
2
[du(z) + Jz ◦ du(z) ◦ j] = 0 . (5)
For an introdution to holomorphi urves, see [1, 3, 16, 21℄. The energy of u is dened as
E(u) =
∫
Σ
u∗ω > 0 .
4
Weakly exat = The sympleti form ω vanishes on pi2(M).
5
Id est, a map Σ→ I3
A
(J0) of lass C3.
5
Condition C2 implies that u∗ω does not vanish on Σ ([1℄, setion 6.3.2). Upper bounds on the
energy yield estimates on the diameter of the holomorphi urve ([3℄, Chapter V, proposition 4.4.1).
Proposition 1.2. There exists a onstant c0 independent from M , C or A, suh that the following
holds. With the above notations, for a onneted J-holomorphi urve u : Σ → M (possibly with
non-empty boundary), we have :
diam [u(Σ)] ≤
2
C
(
1 +
AC2
c0
E(u)
)
. (6)
Its proof is postponed to Appendix 5.1.1.
1.1.2. For any J ∈ I3A(J0), a J-holomorphi urve is at least of lass C
3
. For α ∈ π2(M), set
S(α, J) =
{
u : S2 →M, ∂Ju = 0, [u] = α
}
.
For a generi hoie of J , the spae S(α, J) is a submanifold of W 1,p(S2,M) (with p > 2) of
dimension 2n + 2c1(α) ([20℄, hapter 3). Here, c1 denotes the Chern lass assoiated to J , but
depends only on ω. The sympleti manifold (M,ω) is said to be semipositive ([21℄, subsetion 6.4)
when 3− n ≤ c1(α) ≤ 0 implies ω(α) ≤ 0.
Lemma 1.3. Let L be a ompat Lagrangian submanifold of (M,ω). Then, the innimum ~L(J)
of the energies of J-holomorphi disks bounded by L is positive.
Démonstration. The tubular neighborhood theorem asserts that Vr(L) = {x ∈M, d(x, L) ≤ r}
ontrats onto L for r > 0 suiently small. Let u : (D, ∂D) → (M,L) be a non-onstant J-
holomorphi disk bounded by L. The image of u annot be ontained in Vr(L) as its energy is
ω(u) 6= 0. Thus, there exists z ∈ D suh that u(z) ∈ ∂Vr(L). Applying Proposition 1.2 gives
E(u) ≥
c0
2AC2
(
r −
2
C
)
.
Here, the onstant C an be xed suiently large so that Cr > 2, as c0 is independent from C.
The lemma is established.
As a onsequene, the onstant ~L appearing in theorems 0.1 and 1.1 is positive. Moreover, the
map J 7→ ~L(J) is lower semi-ontinuous.
1.2. Floer ontinuation strips.
1.2.1. An L-onneting path is a ontinuous map x : [0, 1]→M satisfying the boundary onditions
x(0), x(1) ∈ L. It is said to be ontratible when [x] = 0 ∈ π1(M,L). When x is a trajetory of XH
for a Hamiltonian H : M × [0, 1]→ R, the path x is alled an L-orbit of H . Proving the persistene
of intersetions under the Hamiltonian ow of H amounts to deteting L-orbits. The proof given
in subsetion 1.3 requires a Hamiltonian perturbation on the Cauhy-Riemann equation (5). Let
H± : S
1 ×M → M be two Hamiltonians. Given a ompat homotopy6 (Hs, Js) from (H−, J−)
6
Following Kerman [18, 19℄, a ompat homotopy is a R-parameterized path in a funtional spae, loally onstant
at innity. Here, the funtional spae is C3c (M,R+) × I
3
A(J0). Note that the union of the supports of the dierent
Hamiltonians Hs is ompat.
6
to (H+, J+), a Floer ontinuation strip u : B → M is a solution with nite energy of the Floer
equation ([14℄, equation (2))
∂su+ Js,t(u) [∂tu−Xs,t(u)] = 0 , (7)
with the boundary onditions
u(∂B) ⊂ L .
Here, Xs,t denotes the Hamiltonian vetor eld assoiated to Hs,t. The energy of u is dened as
E(u) =
∫ +∞
−∞
∫ 1
0
|∂su|
2
dtds .
Proposition 1.4. Fix L, J0, {Hs} and {Js} as above. Assume that the ompat homotopy {Js}
lies in I2A(J0). For a Floer ontinuation strip u,
u(B) ⊂ VR(K) where R =
2
C
[
1 +
AC2
c0
E(u)
]
,
and the ompat K is the union of L and the supports of all the Hamiltonians Hs.
We have set
VR(K) = {x ∈M, ∃y ∈ K, dM (x, y) ≤ R} .
Démonstration. Eah onneted omponent U of u−1(M −K) is the inreasing union of onneted
regular open subsets Σn (i.e., with smooth boundaries). The restrition of u to Σn is simply a {Jt}-
holomorphi urve vn and v
∗
nω = |∂svn|
2
ds∧ dt. Thus, its energy is less than E(u). Proposition 1.2
gives :
d(u(z), u(∂Σn)) ≤ R
for all z ∈ Σn. Thus, d(u(z),K) ≤ R + ǫ for z ∈ U where ǫ > 0 is as small as we want.
1.2.2. Limits at ±∞. Let u be a Floer ontinuation strip for the ompat homotopy (Hs, Js). As
{Hs} goes from 0 to 0, there exists S > 0 suh that H±s = 0 and J±s = J± for s > S. Let {ϕ
+
t } be
the Hamiltonian isotopy dened by H+, and set u(s, t) = ϕ
+
t ◦v+(s, t). Then, v+ is J+-holomorphi
on the half-band (S,∞)× [0, 1].
Let us onsider the urves vs : t 7→ v(s, t). From ([21℄, lemma 4.3.1), there exists a onstant
C > 0 suh that
length (vs) ≤ CE(v|(s− 1,∞)× [0, 1]) .
From a straightforward omputation, the energy of v on (s − 1,∞) × [0, 1] equals the energy of u
on the same domain, for s > S+1. Thus, the lengths of vs go to zero when s→∞. Moreover, they
take values inside a ompat subset of M (proposition 1.4). From Arzela-Asoli's theorem, there
exists a subsequene (vsn) onverging to a onstant urve x. Neessarly, x belongs to L as a limit
of u(sn, 0). It then follows that (usn : t 7→ u(sn, t)) onverges to the urve t 7→ ϕt(x), whih is an
L-orbit of H+. See also ([29℄, proposition 1.21).
Proposition 1.5. Assume the Hamiltonian H+ to displae L. Then there is no Floer ontinuation
strip for any ompat homotopy (Hs, Js), where {Hs} ends at H+.
7
Fig. 1: An element of NL(H,J)
Sometimes, the urves (s 7→ u(s, t)) onverge to L-orbits x± of H± when s→ ±∞. (This is the
ase when H+ and H− meets generi onditions, to be stated in subsubsetion 2.1.2.) The strip u
is said to go from x− to x+. (See [14, 21, 29℄ for details.)
From ([12℄, setion 2.3.B), the displaeability of L implies the existene of a non-onstant ho-
lomorphi disk u. In partiular, ω(u) is positive, and then L is not exat. The proof below an be
seen a renement of this argument.
1.3. Proof of theorem 1.1.
Fix a Hamiltonian H : M × [0, 1] → M whih displaes L. Take J0 so that ~L < ~L(J0) + ǫ
where ǫ > 0 is arbitrarily small. Fix a non-dereasing smooth funtion β : R → [0, 1] equal to 0
for s < −1 and suh that β(s) + β(−s) = 1. Consider the ompat homotopies from 0 to 0 :
HRs,t = β(s+R)β(−s+R)Ht
with R ∈ R, and denote by XRs,t the assoiated Hamiltonian vetor eld. Complete it by a one-
parameter family J = {JRs,t, R ∈ R} of ompat homotopies from J0 to J0. Assume J
R
s,t = J0 for
R < −1 and Jrs,t = Jt for |s| < R − 1 and |s| > R+ 1. Here, J
R
s,t ∈ I
2
A(J0) with A > C suiently
large. Moreover, assume
7
~L < ~L(J
R
z ) + ǫ for all z and R. For submanifolds X and Y of L, we
introdue the following spaes
NL(H,J) =

R, u : B→M, st
∂su+ J
r
s,t(u)
[
∂tu−XRs,t(u)
]
= 0
lims→−∞ u(s, t) = x
lims→+∞ u(s, t) = y
[u] = 0 ∈ π2(M,L)

 , (8)
NL(X,Y ;H,J) = {(R, u, x, y) ∈ N (H,J), st x ∈ X, y ∈ Y } , (9)
7
Where JRz = J
R
s,t for z = s+ it.
8
✲
R
S✲
Limit ?
A ompat omponent, ignore it.
−1
Fig. 2: A formal représentation of NL(x, L;H,J)
endowed with the topology of uniform C2-onvergene on ompat subsets of B. For a pair (R, u)
in NL(H,J), Existene of limits at ±∞ guarantee E(u) <∞ (proposition 1.5). Lemma 5.4 gives :
E(u) ≤ ‖H‖ . (10)
1.3.1. Proof. The linearization at (R, u) of equation appearing in (8) denes a Fredholm linear
map Du : R ⊕W 1,p(u∗TM) → Lp(u∗TM). More preisely, it is the sum of the Cauhy-Riemann
operator and a ompat operator depending on XRs,t. As u is homotopi rel L to a onstant disk,
its index is neessarly n+1. For a preise omputation, see [27, 28℄ or ([12℄, setion 2.1). Thus, the
expeted dimensions are :
dimNL(H,J) = n+ 1 , (11)
dimNL(X,Y ;H,J) = 1 + dimX + dimY − n . (12)
The open subset {R < −1} of NL(X,Y ;H,J) is readily X ∩ Y × (−∞,−1). The submanifolds X
and Y of L are assumed to have transverse intersetions.
Lemma 1.6. Let H be an Hamiltonian of lass Cl. Assume J to be a generi family of lass Cl.
 If l ≥ n + 3, then the spae NL(H,J) is in a natural way a manifold with the expeted
dimensions (11) ;
 If l ≥ 3, then the spae NL(X,Y ;H,J) is a manifold of dimension (12), for a generi hoie
of J.
The proof of the above lemma is postponed to the next subsetion.
Assume X = {x} and Y = L. Then, N (x, L;H,J) is a one-dimensional manifold. The rst
projetion (R, u, x, y) 7→ R is at least ontinuous. The open subset {R < −1} is the set (−∞,−1)×
{x} where x is viewed as the onstant disk equal to x. Set S for its onneted omponent. See gure 2.
Following S (the red line), one gets a non-onvergent sequene (Rn, un) of S. But estimate (10) and
proposition 1.2 imply that the images of u lie in the ompat VS(K) where S =
2
C
[
1 + AC
2
c0
‖H‖
]
.
Thus, Chapters 4 and 12 of [20℄ show that the sequene (un) admits a subsequene, still denoted by
9
(un), onverging C
2
-uniformly on ompat subsets of B− F . Here, F is a nite subset of B where
bubbling o of holomorphi spheres or disks an our.
 If Rn →∞, the limit v : (B− F, ∂B)→ (M,L) satises the Floer equation
∂sv + Jt [∂tv −Xt] = 0 (13)
As v is of nite energy, the singularities an be removed ([20℄, Chapter 4), and v an be
smoothly extended to a Floer ontinuation strip for the onstant homotopy (Ht, Jt). One
again, as v is of nite energy, a subsequene of (t 7→ v(s, t)) for s → ∞ admits a limit x+,
whih is an L-orbit of H (proposition 1.5). As the Hamiltonian H displaes L, suh a Floer
ontinuation strip v annot exist.
 Thus, the sequene (Rn) is bounded, and we may assume Rn → R ≥ −1. In this ase, as
(un) does not onverge in S, there must be a bubbling o of at least one J
R
z -holomorphi
sphere or disk, with z ∈ B. Holomorphi spheres an be avoided by generi data. Up to
removable singularities, this holomorphi disk u is obtained as a limit of w 7→ un(zn + ρnw)
with well-hosen sequenes zn → z and ρn → 0 (see [29℄). Thus,
~L − ǫ ≤ ~L(J
r
z ) ≤ E(u) ≤ lim supE(un) ≤ ‖H‖ .
Take the innimum on ǫ > 0, and afterwards, the innimum on H displaing L. Hene, we get :
~L ≤ E(L) .
1.3.2. Proof of Lemma 1.6. Lemma 1.6 lies on a well-known transversality argument, given for
instane in [7, 29, 21℄. But we have to hek that the onditions required on J an be satised. It
requires the following version of Sard's theorem, due to Smale [30℄.
Theorem 1.7 (Smale [30℄). Let N and E be two separable Banah manifolds. Let F : N → E be a
smooth map of lass Ck+1, suh that all the dierentials dF(x) are Fredholm operators of index k.
Then, the non-regular values of F is a set of rst ategory. For any regular value y, its preimage
F−1(y) is a k-dimensional submanifold of X.
For a pair (R, u) in NL(H,J), inequality (10) and proposition 1.4 imply that u is ontained
in VS(K) where K is as in proposition 1.4 and S = 1 +
2
C
[
1 + AC
2
c0
‖H‖
]
. Perturbations on J may
be realized in VS(K). Now, introdue the following Banah manifolds :
 For p > 2, the spae N pL ollets the pairs (R, u) where the map u : (B, ∂B)→ (M,L) of lass
W 1,ploc onverges to points of L at ±∞ and is of lass W
1,p
in their neighborhoods. In other words,
we assume the existene of maps w± : {z ∈ C, ±Im z ≥ 0} →M of lass W
1,p
lo
suh that
u(s, t) = w− (exp(πz)) ,
= w+ (exp(π − πz)) .
 The spae Il ollets parametrized families J = {JRs,t} of lass C
l
of ompat homotopies from
J0 to J0 inside I
l
A(J0) and equal to J0 outside VS(K) where K is as in proposition 1.4. Moreover,
we require JRs,t = J0 for R < −1 and J
R
s,t = J0 for |s| < R− 1 and |s| > R+ 1.
 For u ∈ N pL, the tangent spae TuN
p
L is the spae of setions of lass W
1,p
of the Hermitian
vetor bundle u∗TM → B, this pullbak being of lassW 1,p. Let Ep be the vetor bundle of setions
of u∗TM → B of lass Lp.
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From subsubsetion 1.2.2, NL(H,J) an be seen as a subset of the smooth Banah manifold
N pL. Namely, it is the zero set of the global setion
FJ :
R×N pL → E
p
(R, u) 7→ ∂su+ J
R
s,t(u)
[
∂tu−X
R
s,t(u)
]
.
For (R, u) ∈ NL(H,J), the vertial derivative (that means, the vertial omponent of the dierential
dFJ(R, u)) is
DR,u :
R⊕W 1,p(B, u∗TM) → Lp(B, u∗TM)
(δr, δu) 7→ ∂su+ JRs,t(u)∂tξ +∇ξJ
R
s,t(u)∂tu+A(δr, δu) ,
where A is a ompat operator, depending on {XRs,t}. It follows that DR,u is a Fredholm operator
of index n + 1 ([21℄, appendix C). If DR,u is onto for all (R, u) ∈ NL(H,J), then this spae is a
(n+ 1)-dimensional manifold.
From ([21℄ p. 48), the vetor bundle Ep → R × N pL × I
l
is of lass Cl−1, and F(J, u) =
FJ(u) denes a setion of lass Cl−1, provided that H is of lass Cl. The vertial derivatives of F
along its zero set are surjetive operators. The impliit funtion theorem shows that the union of
NL(H,J) × {J} where J desribes Il is a submanifold NL(H, Il) of R × N
p
L × I
l
of lass Cl−1,
see [14℄ or ([21℄, proposition 2.3.1). The next argument is based on the properties of the seond
projetion
π : NL(H, I
l)→ Il .
This map is of lass Cl−1. The tangent spae of NL(H, I) at (R, u) is given by
TuN (H, I) =
{
(δR, δu, δJ), DR,u(δR, δu) + δJ
R
s,t∂tu = 0
}
.
The kernel of dπ(R, u, J) is exatly the kernel of Du. Standard methods in funtional analysis prove
that all the dierentials dπ(R, u, J) are Fredholm operators of index n+ 1, see ([21℄, appendix A).
For l − 2 ≥ n+ 1, Sard'-Smale's theorem [30℄ implies that the regular values of π form a dense set
of Il. For a regular value J ∈ I, the operator Du is onto for every urve u ∈ π−1(J) = NL(H,J),
and thus the spae NL(H,J) is a (n+ 1)-dimensional submanifold of R ×N
p
L.
Still with the above notations, the map
ev :
NL(H, Il) → L
u 7→ lims→−∞ u(s, 0)
is a submersion onto L. Thus, NL({x}, L;H, Il) = ev−1(x) is a losed submanifold of odimension
n. The projetion π restrits to a Fredholm map
π : NL({x}, L;H, I
l)→ Il
of index 1. When l − 2 ≥ 1, the regular values form a dens subset of Il. For regular value J ∈ Il,
the spae NL({x}, L;H, I) is a one-dimesnional submanifold.
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2. Chekhanov's proof.
This setion revisits the work of Chekhanov [4, 22℄.
2.1. Filtered Lagrangian Floer homology.
We set up here a ltered version of the Lagrangian Floer homology. For a Hamiltonian H alled
admissible with respet to L, we dene homology groups denoted
HF
(a,b]
∗ (L, ω;H, J0) , (14)
where the interval (a, b], alled the ation window, has length b − a < ~L(J0). This ondition
removes some problems due to the presene of holomorphi disks (see [10℄), and the denition
given in subsetion 2.1.3 is available for all ompat Lagrangian submanifolds L, provided that
the sympleti manifold (M,ω) is geometrially bounded. The onstrution requires only standard
arguments dating bak to the original work of A. Floer [7, 8, 9℄.
2.1.1. The Floer module. The sympleti form ω denes two morphisms π2(M,L) → R : the
sympleti ation ω and theMaslov index 8 µ. In the sequel, ΛLM stands for the spae of ontratible
L-onneting paths of lass C1. Let Λ˜LM → ΛLM be its universal overing. Basially, a point in
Λ˜LM is represented by a half-disk w : (D+, ∂0D+)→ (M,L) of lass C1 bounded by a L-onneting
path x. Here, ∂0D+ denotes the segment [−1, 1] viewed as the lower boundary of the upper unit
half-disk D+, and ∂+D+ denotes its upper bound, parametrized by t ∈ [0, 1] as eiπt. The map w is
alled a apping half-disk of x.
Introdue the Galois overing Λ′LM → ΛLM whose dek group is given by the quotient
Γ(ω) = π2(L,M)/ kerω ∩ ker Iµ .
In other words, Λ˜′LM is the quotient of ΛLM under the ation of kerω ∩ ker Iµ. Two pairs [x,w]
and [x,w′] dene the same point in Λ′LM whenever the disk w♯w
′
is vanished by both ω and µ.
For a Hamiltonian H : M × [0, 1]→ R, the ation funtional AH : Λ′LM → R is dened by
AH [x, u] =
∫ 1
0
Ht(xt)dt−
∫
D+
u∗ω .
The formal ritial points of AH are preisely the apping L-orbits [x,w] of H , i.e. points of Λ
′
LM
above ontratible L-orbits of the Hamiltonian ow of H . They form a set, denoted by P ′L(H,ω).
The relative Floer module CF (L, ω;H) is the F2-vetor spae generated by P ′L(H,ω), equipped
with the valuation :
vH(ξ) = sup {AH [x,w], ξ[x,w] 6= 0} .
Set :
CF a(Lω;H) = {ξ ∈ CF (L, ω;H), vH(ξ) ≤ a} ;
and CF (a,b](L, ω;H) = CF b(L, ω;H)/CF a(L, ω;H) .
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Reall its denition. Given a disk u : (D, ∂D) → (M,L) of lass C1, note x : S1 → L its boundary. Then,
x∗TL may be viewed as a loop γ of Lagrangian subspaes of Cn via a sympleti trivialization of u∗TM . Set :
ω(u) =
R
D
u∗ω and µ(u) = µRS(R
n, γ). Here, µRS is the Robbin-Salamon index for the Lagrangian paths [27, 28℄.
This denition does not depend on u up to an homotopy.
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2.1.2. The Conley-Zehnder index. As yet, no assumption was made on the Hamiltonian H .
An L-orbit x is alled non-degenerate when dϕH1 (x0)(Tx0L) is transverse to Tx0L. Given a apping
half-disk w : (D+, ∂0D+) → (M,L) of x, the Conley-Zehnder index of x = [x,w] is dened as
follows. Let Φ : w∗TM → Cn be a sympleti trivialization of w∗TM . Set
∀t ∈ [0, 1], ΛΦ1 (t) =
[
Φ(t)Tu(t)L
]
⊕
[
Φ(−t)Tu(t)L
]
ΛΦ2 (t) = Graph
[
Φ(eiπt)dϕHt (x0)Φ(1)
−1
]
.
Here, ΛΦ1 and Λ
Φ
2 are paths of Lagrangian subspaes of C
n ⊕ Cn. Suh a pair is assoiated to
a half-integer Ind
(
ΛΦ1 ,Λ
Φ
2
)
, alled the Robbin-Salamon index, see [27, 28℄. The Conley-Zehnder
index of the apping L-orbit x of H is dened by9 :
µCZ(x) =
n
2
+ Ind
(
ΛΦ1 ,Λ
Φ
2
)
∈ Z .
We say that H is admissible with respet to the ation window (a, b] when all the apping
L-orbits with ation in (a, b] are non-degenerate. In this ase, the F2-vetor spae CF
(a,b]
∗ (L, ω;H)
is graded by the Conley-Zehnder index. This ondition is generi : admissible Hamiltonians for L
form a dense subset of C2c (M × [0, 1],R).
Proposition 2.1. Let L be a ompat Lagrangian submanifold of (M,ω), and let H be a Hamilto-
nian. Then, there exists a Hamiltonian isotopy {gt} supported in a suiently small neighborhood
of L, suh that {ϕHt ◦ gt} has only non-degenerate L-orbits. Moreover, if {gt} is generated by F ,
then {ϕHt ◦gt} is generated by Ht(x)+Ft((ϕ
H
t )
−1
(x)), where F an be hosen suiently C2-small.
2.1.3. The boundary operator. Given two apping L-orbits x and y of H , let M(x, y;H, J)
denote the spae of Floer onneting strips u from x to y with x♯u = y for the onstant homotopy
Hs = H , Js = J . The spae M(x, y;H, J) is endowed with the topology of C2-onvergene on
ompat subsets of B. Expliitly :
M(x, y;H, J) =


u : B→M, suh that
∂su+ Jt(∂tu−Xt) = 0
∀s ∈ R, u(s, 0), u(s, 1) ∈ L,
lims→−∞ u(s, t) = x(t),
lims→+∞ u(s, t) = y(t),
and x♯u = y


.
Here, the S
1
-family J = {Jt} is assumed to meet the transversality onditions required for
M(x, y,H, J) with a < AH(y) < AH(x) ≤ b to be manifolds of dimension
dimM(x, y;H, J) = µCZ(x)− µCZ(y) .
Assume b−a < ~L(J0), and hoose the S1-parametrized family {Jt} inside a xed simply onneted
neighborhood P(J0) ⊂ {J ∈ I2A(J0), ~L(J) > b−a} of J0. Remember there is anR-ation operating
by translation on the s-variable. Set
M̂(x, y;H, J) =M(x, y;H, J)/R .
9
Note that this denition is independent on the trivialization Φ.
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For eah element u ∈M(x, y;H, J), lemma 5.4 gives
E(u) = AH(x)−AH(y) ≤ b− a < ~L(Jt), ∀t .
Thus, no bubbling o of holomorphi disks an our in the limit set of a sequene (un) of
M(x, y;H, J). Bubbling o of holomorphi spheres an be generially avoided for one- and two-
dimensional omponents of M(x, y;H, J). Standard ompatness arguments, already presented in
Floer [7, 8, 9℄, imply :
 Whenever µCZ(x) − µCZ(y) = 1, the zero dimensional manifold M̂(x, y;H, J) is ompat
then nite ;
 Whenever µCZ(x)− µCZ(z) = 2, the one-dimensional manifold M̂(x, z;H, J) an be ompa-
tied as a obordism between the empty set and the union of
M̂(x, y;H, J)× M̂(y, z;H, J) for µCZ(y) = µCZ(z) + 1 . (15)
For instane, see ([7℄, setion 2).
Considering those observations, the following operator ∂ is well dened :
∂ :
CF
(a,b]
k (L, ω;H) −→ CF
(a,b]
k−1 (L, ω;H)
x 7−→
∑
♯2M̂(x, y;H, J) y ,
where ♯2 denotes the number of elements mod 2. The oeient behind z in the expression of ∂
2x
is exatly the ardinal of the set (15), whih is even. Thus, ∂2 = 0. The homology of the hain
omplex (CF
(a,b]
∗ (L, ω;H), ∂) is the Floer homology groups :
HF
(a,b]
∗ (L, ω;H, J0) . (16)
Note that, for a < b < c with c− a < ~, the short exat sequene
0→ CF
(a,b]
∗ → CF
(a,c]
∗ → CF
(b,c]
∗ → 0
indues in homology a long exat sequene
HF
(a,b]
∗ → HF
(a,c]
∗ → HF
(b,c]
∗ → HF
(a,b]
∗−1 .
Note that the dependene in the small peturbation J is drawn up in the notations (16). Indeed,
the resulting homology groups are independent on this perturbation up to a unique isomorphism
(see below). It seems important to hoose J in a ontratible neighborhood P(J0), does it ?
2.2. Denition of the ontinuation maps.
Given two admissible pairs (H−, J−) and (H+, J+), the ontinuation map is a morphism dened
by a ompat homotopy {Hs} from H− to H+. We denote by M(x−, x+; {Hs}, {Js}) the spae
of the Floer ontinuation strips u (for the ompat homotopy (Hs, Js)), from x− to x+, with
x−♯u = x+. Here, the homotopy {Js} goes from J− to J+ and lies in P(J0). It is hosen to meet
all the required transversality onditions for the spaes M(x−, x+, {Hs}, {Js}) to be manifolds of
dimension µCZ(x−)− µCZ(x+).
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Proposition 2.2. Say that {Hs} is a C-homotopy10 when α+(∂sHs) < C. The map
Ψ :
CF
(a,b]
k (L, ω;H−) −→ CF
(a+C,b+C]
k (L, ω;H+)
x− 7−→
∑
♯2M(x−, y+; {Hs}, {Js}) y .
is well-dened and ommutes with the boundary operators.
Démonstration. Let x− and y+ be two apping L-orbits respetively of H− and H+ suh that
a < AH−(x−) ≤ b and a+ C < AH+(y+) ≤ b+ C. Lemma 5.4 shows that the energies of elements
in M(x−, y+, {Hs}, {Js}) are uniformly bounded by b− a. Indeed,
E(u) ≤ AH−(x−)−AH+(y+) + α+(∂sHs) ≤ b− a− C + C = b− a .
Reall that b − a < ~L(Jz) for all z ∈ B. So, as before, no bubbling o of holomorphi spheres or
disks an appear in the limit set of a sequene (un) in M(x−, y+; {Hs}, {Js}). Figure 3 helps to
understand the following arguments. Up to an extration of a subsequene, (un) onverges to a Floer
ontinuation strip v for the ompat homotopy (Hs, Js), with nite energy. It goes from y− to x+
with AH−(y−) ≤ AH− (x−) ≤ b and AH+(x+) ≥ AH+(y) > a+C. As AH+(x+)−AH−(y−) ≤ C, we
immediately get AH+(x+) ≤ b+C and AH− (y−) > a. The ations of y− and x+ belong respetively
to the ation windows (a, b] and (a + C, b + C]. Thus, they are non-degenerate. As in [29, 7℄, the
limits of the sequenes (sn · un) with sn → −∞ (resp. +∞) form a "broken" Floer ontinuation
strip from x− to y− (resp. from x+ to y+). Standard onsiderations on the index give :
 Whenever µCZ(x−) = µCZ(y+), the zero-dimensional manifold M(x−, y+; {Hs}, {Js}) is
ompat then nite ;
 Whenever µCZ(x−) = µCZ(y+)+1, non-ompat omponents of the one-dimensional manifold
M(x−, y+; {Hs}, {Js}) an be ompatied in a obordism between the sets :
M̂(x−, y−;H−, J−)×M(y−, y+; {Hs}, {Js}) for µCZ(y−) = µCZ(y+) (17)
and M(x−, x+; {Hs}, {Js})× M̂(x+, y+;H+, J+) for µCZ(x−) = µCZ(x+) . (18)
The rst point shows that the denition of ψ makes sense. The seond point an be algebraially
translated into ∂Ψ = Ψ∂.
The map Ψ indues a morphism in homology, alled the ontinuation morphism :
Ψ : HF
(a,b]
∗ (L, ω;H−, J0)→ HF
(a+C,b+C]
∗ (L, ω;H+, J0) . (19)
We point out that the ontinuation morphism Ψ does not depend on the C-homotopy (Hs, Js) used
to dene it. Moreover, the omposition of two ontinuation morphisms is equal to the ontinuation
morphism, with the good shift in the ation window.
If (Hs, Js) and (H
′
s, J
′
s) are two C-homotopies satisfying the required transversality onditions,
then Hrs,t = (1 − r)Hs + rH
′
s is an homotopy of C-homotopies. Let M(x−, y+; {H
r
s}, {J
r
s }) be
the spae of pairs (r, u) where r ∈ [0, 1] and u is a Floer ontinuation strip for the ompat
homotopy (Hrs,t, J
r
s,t) from x− to y+. Here, the parametrized family {J
r
s,t} of ompat homotopies
is hosen inside P(J0) so that the spaesM(x
−, y+; {Hrs}, {J
r
s}) are smooth manifolds of dimension
µCZ(x−)−µCZ(y+)+1. One again, no bubbling o of holomorphi disks or spheres an our. By
10
Word introdued by Ginzburg [11℄.
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x−
y−
x+
y+
✻
≤ C
AH− (x−)
AH+(x+)
AH− (y−)
AH+(y+)
Fig. 3: Proof of proposition 2.2
ounting ♯2M(x−, y+; {H
r
s,t}, {J
r
s,t}) for µCZ(y+) = µCZ(x−)+1, we easily onstrut an homotopy
map between the hain maps dened by Hs and H
′
s. The argument is lassi, but as above, the
reader would have to hek that the involved apping orbits belong to the expeted intervals.
We do not give the detailed proofs. Note that the ontinuation morphisms dened by onstant
homotopies Hs = H are isomorphisms. We dedue that the Floer homology groups (16) are inde-
pendent on the hoie of the small perturbation of J0, as announed in the end of the subsetion
2.1.
Without proof, we assert here a result mentioned in ([11℄, setion 3.2.3, result H3) :
Let as and bs be ompat homotopies from a− to a+ and from b− to b+, with bs − as < ~(J0).
Assume that as and bs are not ritial values of the ation funtional AHs , where {Hs} is a ompat
homotopy from H− to H+. Then there exists an isomorphism
HF
(a−,b−)
∗ (L,H−, J0)→ HF
(a+,b+)
∗ (L,H+, J0) .
2.3. Proof of Theorem 0.1 for rational Lagrangian submanifolds.
A Lagrangian submanifold L is alled rational when ωπ2(M,L) = 2cZ with c > 0 ([25℄, denition
1.2). We prove Theorem 0.1 where ~L is replaed by c. First, we may assume that ‖H‖+ = ‖H‖− <
c, by replaingHt by Ht−f(t), with a suitable funtion f . Remark that the energy of a holomorphi
sphere or disk is positive, thus greater or equal to 2c. Thus, 2c ≤ ~L(J0) ≤ ~L.
2.3.1. Morse theory. Let f : L→ R be a Morse funtion. The Morse-Smale omplex CM∗(f) of
f is the F2-vetor spae generated by the set of ritial points of f , and graded by the Morse index.
Fix a Riemannian metri g on L. (We an always assume that g is indued by the almost omplex
struture J0.) Let ∇f be the gradient of f with respet to g, and let {ψ
f
t } be the anti-gradient ow
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of f . For eah ritial point x of f , the sets
W s(x,∇f) =
{
y ∈ L, ψft (y)→ x
}
, (20)
Wu(x,∇f) =
{
y ∈ L, ψf−t(y)→ x
}
(21)
are embedded disks, respetively alled the stable and unstable manifolds at x ([17℄, Corollary 6.3.1).
Reall that the Morse index µM (x) is equal to the dimension of W
u(x,∇f). Generially on g (and
hene on J0), all the stable and unstable manifolds interset pairwise transversally. In partiular,
whenever µM (x) = µM (y) + 1, the manifold W
u(x,∇f) ∩W s(y,∇f) has dimension 1. If it is non-
empty, then f(y) < f(x). For f(y) < a < f(x), it intersets transversally the one-odimensional
manifold f−1(a), and the intersetion M̂(x, y; f, g) is a nite set, well-dened up to a unique
bijetion obtained by following the anti-gradient ow of f ([17℄, setion 6.5). The Morse boundary
operator ∂g is dened as follows :
∂g :
CMk(f) −→ CMk−1(f)
x 7−→
∑
♯2M̂(x, y; f, g) y .
We have : ∂2g = 0. The homology of the omplex (CM∗(f), ∂g) is denoted by :
HM∗(f, g) ,
whih is independent to (f, g) up to a unique isomorphism, obtained by ontinuation as in Floer
theory ([17℄, setion 6.7). Those homology groups are isomorphi to the singular homology groups
of L, whih leads to the Morse inequalities ([17℄, setion 6.10).
Floer theory, presented in subsetion 2.1, may be viewed as an adaptation of the Morse theory
for the ation funtional AH . Beyound the well-known analogy, there exists a deep link between
Floer homology and Morse homology. From [34, 35℄, reall :
Theorem 2.3 (Weinstein ([34℄, Theorem 6.1)). For a suiently small r > 0, there exists a
sympletomorphism from T ∗r L onto an open neighborhood U of L, sending the zero setion onto L
as the identity.
By abuse of notations, we denote a point in U by its oordinates (p, q) in T ∗r L. Fix a non-
inreasing funtion σ : [0, r]→ [0, 1] equal to 1 on [0, r/3], and to 0 on [2r/3, r]. Set
K(z) =
{
ǫf(q)σ(|p|) if z = (q, p) ∈ U ,
0 otherwise.
For ǫ < r/3‖df‖, the Hamiltonian ow of K maps L to the graph of ǫdf (a Lagrangian submanifold
of T ∗r L viewed in U). Thus, the L-orbits of K are onstant and equal to the ritial points of f .
Eah ritial point x of f an be ompleted with a disk w bounded by L to form a apping L-orbit
[x,w]. Assuming ǫ‖f‖ < b < c, its ation ǫf(x)− ω(w) belongs to the interval (−c, b] i ω(w) = 0.
The Conley-Zehnder and Morse indies are equal. It thus follows that :
CF
(−c,b]
∗ (L, ω;K, J0) = CM∗(f, g)
(
⊗ΛlocL
)
.
where ΛlocL is a "loal version" of Novikov ring.
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Let u : B → M be a Floer ontinuation strip for the onstant homotopy (K, J) from x to y,
with −c < AK(y) ≤ AK(x) ≤ b. Then, the energy of u is equal to ǫ(f(x)− f(y)) ≤ ǫ‖f‖. For ǫ > 0
small enough, u must lie inside Ur (see Proposition 1.2). Thus, the maximum priniple implies that
u must lie on L, and hene is onstant in t.
In other words, u(s, t) = v(s), where v is a anti-gradient ow line of f . Thus,
HF
(−c,b]
∗ (L, ω;K, J0) = HM∗(f, g)
(
⊗ΛlocL
)
.
2.3.2. The fatorization. The key to proving theorem 0.1 is a fatorization of the identity on
HM∗(f, g) ⊗ ΛlocL through HF
(−c,b]
∗ (L,H, ω, J0). This fatorization will be obtained by adapting
the ontinuation maps dened in subsetion 2.2.
Fix ǫ < c−C− and ǫ < c−C+, and then b > ǫ+C+ and b > ǫ+C−, with C± = ‖H−K‖± < a.
Hene, we have b+ C− < 2c− ǫ. Let Ks be the linear homotopy from K to H dened by
Ks,t = β(s)Ht + (1− β(s))Kt .
Fix {Js} be a ompat homotopy from J0 to {Jt} and {J
′
s} be a ompat homotopy from {Jt} to
J0 suh that the pairs (Ks, Js) and (K−s, J
′
s) meet the required transversality onditions. Then, we
onsider the ontinuation maps dened by (Ks, Js) and (K−s, J
′
s)
Ψ1 :CF
(−c,b]
∗ (L,K, ω, J0) −→ CF
(−c,b]
∗ (L,H, ω, J0) (22)
Ψ2 :CF
(−c,b]
∗ (L,H, ω, J0) −→ CF
(−c,b]
∗ (L,K, ω, J0) . (23)
Note that the present situation diers from the general ase, as we do not translate the ation
windows. We assert :
Proposition 2.4. The maps Ψ1 and Ψ2 ommute with the boundary operators. Moreover, the
indued map in homology go inside the following ommutative diagram :
HF
(−c,b]
∗ (L, ω;H, J0)
Ψ2
))T
TT
TT
TT
TT
TT
TT
TT
HF
(−c,b]
∗ (L, ω;K, J0)
Ψ1
55jjjjjjjjjjjjjjj
Id
// HF
(−c,b]
∗ (L, ω;K, J0) .
The proof is given step by step.
Step 1. The map Ψ1 ommutes with the boundary operators. The arguments are similar to those
previously presented. We just have to hek that the involved apping L-orbits in gure 3 belong
to the ation window (−a, b]. The two problemati ongurations are the following :
1. Let x, y and z be apping L-orbits respetively of K, H and H . Fix a Floer ontinuation
strip for the homotopy (Ks, Js) from x to y and a Floer ontinuation strip for the onstant
homotopy (H, J) from y to z. Assume AK(x) and AH(z) to belong to (−c, b]. Then, the
estimates (47) give : −c ≤ AH(z) ≤ AH(y) and AH(y) ≤ AK(x)+C+. Reall AK(x) ≤ ǫ and
b > C+ + ǫ. Thus, AH(y) belongs to the ation window (−c, b].
18
2. Now, let x, y and z be apping L-orbits respetively of K, K and H . Fix a Floer ontinuation
strip for the onstant homotopy (K, J) from x to y and a Floer ontinuation strip for the
homotopy (Hs, Js) from y to z. One again, assume AK(x) and AH(z) to belong to (−c, b].
Then the estimates (47) give : AK(y) ≤ AK(x), and AK(y) ≥ AH(z)−C+ ≥ −c−C+ > ǫ−2c.
Reall that there is no apping L-orbit of K whose ation is between ǫ − 2c and −ǫ. Thus,
AK(y) must belong to the ation window (−c, b].
Then, the standard arguments show that the map Ψ1 ommutes with the boundary operators.
Step 2. The map Ψ2 ommutes with the boundary operators, for similar reasons.
Step 3. There exists an homotopy map between the omposition Ψ2 ◦Ψ1 and the identity. Introdue
the parametrized family {KRs,t} of ompat homotopies from K to K :
KRs,t = β(s+R)β(−s+R)Ht + (1− β(s+R)β(−s+R))K .
Note XRs,t its Hamiltonian vetor eld. Set K = {K
R
s,t}, and hoie a generi data J = {J
R
s,t} with
good asymptoti behavior. For any pair (x, z) of ritial points of f , the spae
M(x, z;K,J) =
{
(R, u), R ∈ R and u ∈M(x, z; {KRs,t}, {J
R
s,t})
}
is generially a manifold of dimension µM (x)− µM (z) + 1. Generially,
 Whenever µM (z) = µM (x) + 1, the zero-dimensional manifold M(x, z;K,J) is ompat then
nite ;
 Whenever µM (z) = µM (x), the non-ompat omponents of the one-dimensional manifold
M(x, z;K,J) an be ompleted into a obordism between the sets
M(x, z;K, J0) =
{
{x} if x = z
∅ otherwise,
(24)
M(x, y; {Ks,t}, {Js,t})×M(y, z; {K−s,t}, {J
′
s,t}) for µCZ(y) = µM (x) , (25)
M(x, y;K,J)× M̂(y, z;K, J0) for µM (y) = µM (z) + 1 , (26)
M̂(x, y;K, J0)×M(y, z;K,J) for µM (y) = µM (z)− 1 . (27)
The apping orbits of H appearing in (25) have ations in (−c, b].
Then, set provisionally
Γ :
CM
(
kf) → CMk+1(f)
x 7→
∑
♯2M(x, z;K,J0) z .
This map is well-dened, due to the rst point. The existene of the obordism desribed above
an be algebraially translated into
Ψ2 ◦Ψ1 − Id = dΓ + Γd .
Indeed, ounting the elements in the sets (25) givesΨ2◦Ψ1. The oeient behind z in the expression
of dΓx (resp. Γdx) is exatly the number modulo 2 of elements in sets (27) (resp. in sets (26)). Thus,
the map Γ is an homotopy map between the identity and Ψ2 ◦Ψ1. We have done.
See appendix 5.2 for remarks on the slight modiations to the original proof of Chekhanov.
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3. Kerman's proof.
In this setion, Theorem 0.1 is proved for all ompat Lagrangian submanifolds. In [18℄, Kerman
explains how the identity CM(f) → CM(f) fators through CF (L, ω;H). This fatorisation an
be expressed in homologial terms as follows.
3.1. Denition of the relative PSS maps.
3.1.1. Throughout this setion, we x a non-dereasing map β : R→ [0, 1] equal to 0 when s≪ 0
and to 1 when s≫ 0. The preise denition of β has no importane11. Let X and Y be two smooth
submanifolds of L. Set :
Nr(y;H, J) =
{
d : R× S1 →M,
∂sd+ Js,t(d) [∂td− β(s)Xt(d)] = 0
lims→∞ d(s, t) = x(t) and [x, d] = x
}
, (28)
Nl(x;H, J) =
{
e : R× S1 →M,
∂se+ J−s,t(u) [∂te− β(−s)Xt(e)] = 0
lims→−∞ e(s, t) = x(t) and [x,−e] = x
}
, (29)
N (X, y;H, J) =
{
(x, d) ∈ X ×Nr(y;H, J), lim
s→−∞
d(s, t) = x
}
, (30)
and N (x, Y ;H, J) =
{
(e, y) ∈ Nl(x;H, J)× Y, lim
s→+∞
e(s, t) = y
}
. (31)
Elements of Nr(x;H, J) may be viewed as holomorphi half-disks with an Hamiltonian per-
turbation on their boundaries. In the denition of Nl(x;H, J), the notation −e denotes the map
(s, t) 7→ e(−s, t), whih may be viewed as an anti-holomorphi half-disk with an Hamiltonian per-
turbation on its boundary. Lemma 5.4 gives the following estimates on the energies of perturbed
(anti-)holomorphi half-disks :
∀d ∈ Nr(x;H, J), 0 ≤ E(d) ≤−AH(x, d) + ‖H‖+ (32)
∀e ∈ Nl(x;H, J), 0 ≤ E(e) ≤AH(x,−e) + ‖H‖− . (33)
The expeted dimensions are :
dimNr(y;H, J) = n− µCZ(y) ,
dimNl(x;H, J) = µCZ(x) ,
dimN (X, y;H, J) = dimX − µCZ(x) ,
dimN (x, Y ;H, J) = µCZ(y) + dimY − n .
For generi hoies, those spaes are well-dened manifolds.
3.1.2. Reall ‖H‖+ < b, ‖H‖− < c and b+ c < ~. Set :
Φ1 :
CMk(f, g) −→ CF
(−c,b]
k (L, ω;H)
y 7−→
∑
♯N (Wu(y,∇f), x;H, J) x ,
(34)
and Φ2 :
CF
(−c,b]
k (L, ω;H) −→ CMk(f, g)
x 7−→
∑
♯2N (x,W s(y,∇f);H, J) y ,
(35)
Observe that the sets appearing in (34) and (35) are nite.
11
Nevertheless, the monotoniity of β is a ruial point to get the estimates mentioned on the energies.
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Fig. 4: Representations of elemens in the spaes (30).
Theorem 3.1. With the above notations, Φ1 and Φ2 are hain maps. The indued maps in homology
are alled the PSS maps :
Φ1 :HM∗(f, g) −→ HF
(−c,b]
∗ (L, ω;H, J0)
and Φ2 :HF
(−c,b]
∗ (L, ω;H, J0) −→ HM∗(f, g) .
Démonstration. We only prove that Φ2 is a hain map. (The proof for Φ1 uses similar arguments.)
Fix a apping L-orbit x of H , with ation in (−c, b], and onsider a ritial point y of f with
µM (y) = µCZ(x)−1. Let (un) be a sequene inNl(x;H, J) with lims→∞ un(s, t) = xn ∈ Wu(y,∇f).
As E(un) ≤ AH(x) + ‖H‖− < ~, no bubbling o of holomorphi spheres or disks may our in
the limit set of (un). Up to an extration, the sequene (un) onverges to a Floer ontinuation strip
v for the homotopy β(−s)H from a apping L-orbit x′ to a point z of L, with AH(x
′) ≤ AH(x).
Moreover, we have AH(x
′) ≥ −‖H‖− > −c. As its ation belongs to (−c, b], the apping L-orbit x
′
is non-degenerate.
After an extration if neessary, we obtain a broken Floer ontinuation strip from x to x′ as the
dierent limits of (sn · un) for sn → −∞. Note that
lim
T→∞
lim
n→∞
∫ ∞
T
∫ 1
0
|∂sun|
2dsdt = 0 .
It then follows that whenever sn →∞, the sequene (sn · un) onverges to z uniformly on ompat
subsets of B. Moreover, z must be the limit of (xn).
Indeed, let z′ be an aumulation point of (xn). We may assume xn → z′ to simplify the
notations. Choose sn > n suh that u(sn, 0) onverges to z
′
. As (sn ·un) onverges to x uniformly on
ompat subsets, it follows that z′ = x. In other words, the sequene (xn) has a unique aumulation
point, namely z, and hene onverges to z as L is ompat.
This limit z must belong to the adherene of W s(y,∇f). Thus, there exists a ritial point y′ of
f , with µM (y
′) ≥ µM (y), suh that x ∈ W s(y′,∇f). Moreover, there exists a broken antigradient
ow from y′ to y. It then follows that N (x′,Wu(y′,∇f);H, J) is non empty. Thus, its dimension
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µCZ(x
′)− µM (y′) must be nonnegative. Hene,
µCZ(x) ≥ µCZ(x
′) ≥ µM (y
′) ≥ µM (y) = µCZ(x)− 1 .
Dierent ases must be onsidered :
 µCZ(x
′) 6= µM (y′) gives µCZ(x
′) = µCZ(x) and µM (y
′) = µM (y). The broken Floer ontinua-
tion strip from x to x′ we obtained above must be onstant. Moreover, as the ritial point
y′ belongs to the adherene of Wu(y,∇f), it must be equal to y. Then, the limit v belongs
to N (x,Wu(y,∇f);H, J).
 µCZ(x) > µCZ(x
′) gives µCZ(x
′) = µM (y
′) = µM (y). As above, y = y
′
. Moreover, the broken
Floer ontinuation map from x to x′ is of index 1. Thus, there is no intermediate apping
L-orbit of H , and we get an element of M̂(x, x′;H, J)×N (x′,Wu(y,∇f);H, J).
 The last ase to onsider is the following : µCZ(x) = µCZ(x
′) = µM (y
′). Thus, x′ = x, and
the limit v belong to the set Nl(x,Wu(y′,∇f);H, J).
Considering this study, the one-dimensional manifold Nl(x,Wu(y,∇f);H, J) may be ompa-
tied into a obordism between :
N (x,Wu(y′,∇f);H, J)× M̂(y′, y,∇f) for µM (y
′) = µM (y) + 1 , (36)
and M̂(x, x′;H, J)×N (x′,Wu(y,∇f);H, J) for µCZ(x
′) = µCZ(x)− 1 . (37)
Thus, we get :
∂Φ2x =
∑
µCZ(x)=µM (y′)=µM (y)+1
♯2N (x,W
u(y′,∇f);H, J)× M̂(y′, y,∇f) y
=
∑
µM (y)=µCZ(x′)=µCZ (x)−1
♯2M̂(x, x
′;H, J)×Nl(x
′,Wu(y,∇f);H, J) y
= Φ2∂x ,
whih proves that Φ2 ommutes with the boundary operators, as wanted.
3.2. Proof of Theorem 0.1.
In [18℄, Kerman proposed an approah to the Hamiltonian Floer theory under the quantum
eets. We present here an adaptation of this approah for the Lagrangian Floer homology.
Theorem 3.2. With the above notations, the omposition of the PSS maps
HM∗(f, g)→ HF
(−c,b]
∗ (L,H, ω)→ HM∗(f, g)
is the identity.
Skreth of the proof. Let y and z be two ritial points of f with the same Morse index k. The one-
dimensional manifoldN (W s(y,∇f),Wu(z,∇f);H,J) (introdued in setion 1) an be ompatied
into a obordism between :
W s(y,∇f) ∩Wu(y,∇f) =
{
{y} if y = x ,
∅ otherwise.
(38)
N (W s(y,∇f), x;H, J)×N (x,Wu(y,∇f);H, J) for µCZ(x) = k , (39)
N (W s(y,∇f),Wu(z′,∇f);H,J)× M̂(z′, z,∇f) for µM (z
′) = k + 1 , (40)
and M̂(y, y′,∇f)×N (W s(y′,∇f),Wu(z,∇f);H,J) for µM (y
′) = k − 1 . (41)
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Set provisionally
12
:
Γ :
CMk(f) −→ CMk+1(f)
x 7−→
∑
♯2N (Wu(x,∇f),W s(z,∇f);H,J) z .
The above obordism gives the following relation :
Φ2 ◦ Φ1 − Id = dΓ + Γd .
More preisely, dΓ and Γd ount respetively the number of elements in the nite sets (40) and
(41). The map Φ2 ◦ Φ1 ounts the elements in the sets (39). We have done.
3.3. Equivalene of the previous proofs.
The equivalene between Gromov's proof and Kerman's proof is lear. We explain how Kerman's
proof is related to Chekanov's proof. For the notations, refer to subsetions 2.3 and 3.1.
Theorem 3.3. Assume L to be rational with ωπ2(M,L) = 2cZ. To simplify, assume that there
exists no disk bounded by L with zero Maslov index and non-zero sympleti area. Let K and b be as
in subsetion 2.3. The PSS maps Φ1 and Φ2 are equal to the ontinuation maps Ψ1 and Ψ2 obtained
via a linear ompat homotopy from K to H and from H to K.
Démonstration. We only explain how to get an homotopy map between the hain maps Ψ1 and Φ1.
The arguments may be easily adapted to the pair (Ψ2,Φ2).
Let us onsider the parametrized family {HRs,t} of linear ompat homotopies from K to H
dened as follows :
HRs,t = β(−s−R)K + β(s−R)Ht .
Note XRs,t its Hamiltonian vetor eld, and introdue the spae :
M
(
x, y; {HRs,t}, {J
R
s,t}
)
=


(R, u), st
R ∈ R+,
∂su+ J
R
s,t
[
∂tu−XRs,t
]
= 0
lims→−∞ u(s, t) = x
lims→+∞ u(s, t) = y(t)
[y, u] = y


.
The topology is given by the topology of the extended real half-line times the topology of C2-
onvergene on ompat sets. Here, the ompat homotopy {JRs,t} is obtained by perturbing {Js+R,t}.
The perturbation is hosen for the spae N (x, y;H,J) to be a manifold of the expeted dimension
µCZ(x)− µCZ(y) + 1.
For (R, u) ∈ N
(
x, y; {HRs,t}, {J
R
s,t}
)
, we have :
E(u) ≤ f(x)−AH(y) + ‖f‖− + ‖H‖+ .
Consequently, no bubbling o of holomorphi disks may our in the limit set. By lassial argu-
ments, for generi data, it follows that :
 When µCZ(y) = µM (x) + 1, the zero-dimensional manifold M(x, y;H,J) is ompat then
nite.
12
Up to the end of the proof.
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 When µCZ(y) = µCZ(x), the one-dimensional manifold M(x, y;H,J) an be ompatied
into a obordism between the sets :
M(x, y; {H0s}, {Js}) ; (42)
M(x, z;H,J)×M(z, y;H, J) for z ∈ P(a,b](H,ω) ; (43)
M(x, z; f, g)×M(z, y;H,J) for z ∈ Crit(f), R > 0 ; (44)
and N (Wu(x,∇f), x;H, J) . (45)
Let us justify the seond assertion. Given a sequene (Rn, un) inM(x, y, {HRs,t}, {J
R
s,t}), we may
assume that the sequene (un) onverges uniformly on ompat subsets. Dierent possibilities are
to be onsidered :
Case 1. If Rn → 0, the limit v of (un) is a Floer ontinuation map from x to y.
Case 2. Assume Rn → R. Consider the limits of sn · un.
 If sn → −∞, we get a broken Floer ontinuation strip for the onstant homotopy K from y
to apping L-orbit x′ of K ;
 If (sn) is bounded, we get a Floer ontinuation strip u from x
′
to a apping L-orbit y′ of H ,
unique up to translation on the s-variable ;
 If sn →∞, we get a broken Floer ontinuation strip for the onstant homotopy H from x
′
to
x, unique up to translation.
The estimates (47) give suessively AK(x
′) ≤ AK(x) = f(x) ≤ b ; AH(y
′) ≥ AH(y) ≥ −c and
AK(x
′)−AH(y
′)+C ≥ 0 for C = ‖f‖−+‖H‖+. Considering those inequalities, we obtain AK(x
′) ≥
AH(y
′)− C ≥ −c− ‖H‖+ − ǫ > ǫ− 2c. As there is no apping L-orbit with ation in (ǫ − 2c,−ǫ),
we get AK(x
′) ≥ −c. In other hand, AH(y
′) ≤ AK(x
′) + C ≤ ǫ+ C ≤ b.
For eah involving apping L-orbits appearing in the limit set, its ation belongs to (−c, b].
Considerations on the indies show that
 Either x = x′. In this ase, we get a point in the sets (43) ;
 Either y = y′. In this ase, we obtain a point in the sets (44).
Case 3. Assume Rn → ∞. The limit of (un) gives a point in the set N (Wu(x,∇f), x;H, J). To
onlude, standard gluing arguments are needed to prove that eah point in the sets (42) (43), (44)
and (45) may be obtained as a limit point.
The rst assertion shows that the following map is well-dened :
Φ :
CMk(f, g) −→ CFk(L, ω;H)
x 7−→
∑
♯2M (x, y;H,J}) y .
.
The seond assertion an be algebraially translated by the equality :
Φ1 −Ψ1 = ∂Γ + Γ∂ .
We have done.
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4. Conluding remarks.
4.0.1. Here are a few remarks on mistakes to avoid.
1. Repeatedly in this paper, the proofs use one-dimensional obordisms between two nite sets
A and B. Elements of A and B are geometri objets as strips, and they have energies. Estimates
on the energies of the elements of A do not imply any information on objets of B. Here are two
reasons :
 In general, the energy is non-onstant along the obordism ;
 The obordism is simply given by a partition of A∪B into pairs, but eah element of B is not
neessarly assoiated to an element of A. For instane, A may be empty and B is the boundary of
a one-dimensional ompat manifold.
2. The loalization of Lagrangian Floer homologies desribed in this paper is not isomorphi
to the Morse homology. The dierent maps desribed (ontinuation maps and PSS maps) are not
isomorphisms in general.
3. The PSS maps ould lead the reader to some onfusions. Among apping orbits x, some are
homologially important, those for whih Nl(x;H, J) and Nr(x;H, J) are non empty. Call them
loal. First, this denition expliitly depends on the perturbation J of J0. A ompat homotopy {Js}
denes a obordism between Nl(x;H, J−) and Nl(x;H, J+), but Nl(x;H, J−) 6= ∅ does not imply
Nl(x;H, J+) 6= ∅. For similar reasons, the property "loal" depends on the apping half disk.
For instane, when µCZ(x;H, J) = 3, the spae Nl(x;H, J) is a three-dimensional manifold, and
thus bounds a four-dimensional manifold. As Nl(x;H, J) is only dened up to obordism, we get
no information on x.
4. Nevertheless, for a xed time-depending almost omplex struture J , those "loal" apping
orbits generate some vetor subspae E of CF∗(L,H). Counting the Floer ontinuation strips with
index 0 denes an operator u on E. But, u2 6= 0. The reason is the following.
Consider a pair (u, v) in the set M̂(x, y;H, J) × M̂(y, z;H, J), where x and z are "loal". Is y
"loal" ? There is no way to know it. There is a obordism between Nr(x;H, J) × M̂(x, y;H, J)
and Nr(y;H, J) ; but the seond spae an be empty. One again, we annot onlude.
4.0.2. Loal Hamiltonian Floer homology. By similar arguments, a loal version of the Ha-
miltonian Floer homology an be dened. At rst sight, this loal version seems less usefull as all
the problems due to the presene of holomorphi spheres with negative indies an be avoided. The
Hamiltonian Floer homology is well-dened for general ompat sympleti manifolds.
For a ompat sympleti manifold (M,ω), the Hamiltonian Floer homology an be viewed as
the Lagrangian Floer homology of the diagonal ∆M . (Here, ∆M is the Lagrangian submanifold of
M ×M olleting the pairs (x, x).)
 A disk (u, v) bounded by ∆M gives rise to a sphere w : CP
1 → M obtained by gluing v
and z 7→ u(z/|z|2). The Maslov index of (u, v) is exatly the Chern number of w. If (u, v) is a
(−J) ⊕ J-holomorphi disk, then w is J-holomorphi sphere. Note that all the required transver-
sality onditions an be satised by almost omplex strutures (−J) ⊕ J . The minimal area of a
holomorphi disk of M ×M bounded by ∆M is ~.
 Take a Hamiltonian H on M . A ontratible ∆M -orbit (y, x) of π
∗
2H orresponds to a
ontratible one-periodi orbit x of H with x(0) = y. It is readily seen to be non-degenerate
i 1 is not an eigenvaue of dϕH1 (x0). A apping half-disk (u, v) gives a disk w bounded by a
reparametrization of x obtained as the gluing of the maps v : D+ → M and u′ : D− → M
(u′(z) = u(z)). As easily heked, a loal maximum of a small Morse funtion has index n.
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 A similar disussion is needed to understand how to deal with the Floer ontinuation strips.
Proposition 4.1. Let (M,ω) be a ompat sympleti manifold. Let b− a < ~. Then, there exists
an almost omplex struture J0 suh that b− a < ~L(J0). And
HF
(a,b]
∗ (M,H,ω, J0) = HF
(a,b]
∗ (∆, π
∗
2H,ω, J0)
is well-dened. If −~/2 < a < −‖H‖− < ‖H‖+ ≤ b < ~/2, then the omposition of the natural
sequenes
HM∗(M)→ HF
(a,b]
∗ (M,H,ω, J0)→ HM∗(M)
is the identity.
The ltered version of the Lagrangian Floer homology is still available for ertain non-ompat
Lagrangian submanifolds. For example, the diagonal of a geometrially bounded sympleti manifold
is not ompat in general, but a ltered Hamiltonian Floer homology an be dened for an ation
window (0, a) and a < ~.
26
5. Appendies.
5.1. Estimates on the energies.
5.1.1. Proving Theorem 0.1 requires estimates on the energies of holomorphi urves and their
Hamiltonian perturbations. Those estimates are now standard tools in sympleti topology. Most
notations are introdued in setion 1. In partiular, onditions C1 and C2 are met for a ω-ompatible
almost omplex struture J0.
Lemma 5.1. Let Σ be a Riemann surfae (possibly with boundary). For a Σ-parametrized family
J = {Jz} of almost omplex strutures in IA(J0), a J-holomorphi urve u : Σ→M satises :
E(u) ≥
1
A
area(u) .
Démonstration. Let z = s+it be a loal hart on the Riemann surfaeΣ. Then, u∗ω = ω(∂su, ∂tu)ds∧
dt, where :
ω(∂su, ∂tu) = ω(∂su, J∂su)
1/2ω(∂tu, J∂tu)
1/2
≥
1
A
‖∂su‖ · ‖∂tu‖
≥
1
A
√
‖∂su‖2 · ‖∂tu‖2− < ∂su|∂tu >2 .
Lemma 5.2 (Viterbo ([33℄, appendix)). Let v : Σ → M be a onneted minimal surfae passing
through x ∈M , and suh that v(∂Σ) ∩B(x, r) = ∅ with r ≤ 1/C. Then,
area [v(Σ)] ≥ πr2 exp [ϕ (Cr)] ,
where the funtion ϕ is dened below.
Démonstration. For the sake of ompleteness, we reall the proof from the appendix of [33℄. For
s ≤ r, set a(s) = area [v(Σ) ∩B(x, s)]. As v is a minimal surfae, a(s) must be less than or equal
to the area of the one C(s) spanned by the (possibly singular) urve C ∩ ∂B(x, s) (see gure 5).
Let us estimate the area of C(s) for a value of s suh that the urve ∂C(s) is not singular.
area [C(s)] =
∫ s
0
L
[
expx
(
s′
s
exp−1x (∂C(s))
)]
ds′
≤
∫ s
0
s′
s
sinh(Cs)
sin(Cs)
L [∂C(s)] ds′
=
s
2
sinh(Cs)
sin(Cs)
L [∂C(s)] ,
where the inequality diretly follows from the omparison theorems in Riemannian geometry. Hene,
using the minimality of v, we have :
a(s) ≤ area [C(s)] ≤
sa′(s)
2
sinh(Cs)
sin(Cs)
or equivalently,
a′(s)
a(s)
≥
2
s
sin(Cs)
sinh(Cs)
.
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Fig. 5: Cone C(s).
Set
ϕ(s) =
∫ s
0
2
s′
[
sin(s′)
sinh(s′)
− 1
]
ds′ .
Reall that a(ǫ) ≥ πǫ2. By integrating the above inequality, we get :
log
(
a(r)
πr2
)
≥
[
log
(
a(s′)
s′2
)]r
0
≥ ϕ (Cr) .
Proof of proposition 1.2. Assume d = diam [u(Σ)] > (2N)/C. Then, there existN points z1, . . . , zN
suh that the balls B (u(zi), 1/C) are pairwise disjoint. Those points may be hosen so that u(∂Σ)
lies outside the orresponding balls. By applying lemmas 5.1 and 5.2, we easily get :
E(u) ≥
1
A
area(u) ≥ N
π exp (ϕ(1))
AC2
.
Say N + 1 to be the upper integer part of Cd/2. Then, we have :
E(u) ≥
(⌈
Cd
2
⌉
− 1
)
π exp (ϕ(1))
AC2
,
whih onludes the proof.
5.1.2. Without proof, Reall :
Lemma 5.3 (Hofer-Salamon [14℄). Set BT = [−T, T ] × [0, 1]. For a BT -parametrized family of
almost omplex strutures J = {Js,t} in IA(J0), there exist δ > 0 and η > 0 (depending on A), suh
that the following holds. For eah J-holomorphi urve u : (BT , ∂BT )→ (M,L) with E(u) < δ, we
have :
∀z, z′ ∈ BS , d (u(z), u(z
′)) ≤ exp [η (S − T )]
√
E(u) .
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5.1.3. The following lemma ompares the energy of Floer ontinuation strips and the dierene of
ations, as dened in subsetion 2.1. Here, just reall
AH−(x−)−AH+(x+) =
∫
B
u∗ω +
∫ 1
0
Ht(x−(t))dt−
∫ 1
0
Ht(x+(t))dt .
Lemma 5.4. Let u : (B, ∂B)→ (M,L) be a (H,J)-Floer ontinuation strip from x− to x+. Then
α−(H) ≤ E(u)−
[
AH−(x−)−AH+(x+)
]
≤ α+(H) ,
where
α+(H) =
∫ ∞
−∞
∫ 1
0
(sup∂sHs,t) dtds , (46)
and α−(H) =
∫ ∞
−∞
∫ 1
0
(inf ∂sHs,t) dtds . (47)
Démonstration. This follows from the following omputations.
E(u) =
∫ +∞
−∞
∫ 1
0
ω(∂su, J∂su)dtds
=
∫ +∞
−∞
∫ 1
0
ω(∂su, ∂tu−Xs,t(u))dtds
=
∫
B
u∗ω −
∫ +∞
−∞
∫ 1
0
dHs,t(∂su)dtds
=
[
AH−(x−)−AH+(x+)
]
+
∫ +∞
−∞
∫ 1
0
∂sHs,t(u) dtds .
We have done.
5.2. Remarks on the original proof due to Chekhanov.
Originally, the proof of Chekanov is slightly dierent from the one presented in setion 2. Let
us explain why the approhes are exatly the same. We introdue the auxiliary Hamiltonian :
F (t, x) = −H
(
t, ϕHt (x)
)
whih satises the same onditions than H . Reall ϕHt ϕ
F
t = Id ([15℄, proposition 1, p. 144). In [4℄,
Chekanov onsidered the displaement of L as a whole by setting Ls = ϕ
F
s L. Set
Π =
{
(s, ξ), ξ ∈W 1,2 ([0, 1],M) , ξ(0) ∈ L0, ξ(1) ∈ Ls
}
Chekanov dened a R/2aZ-valued funtional on Π as a primitive of the one-form α− β, where
α(s, ξ) =
∫ 1
0
ω(ξ˙, ·) , and β(s, ξ) = F (s, γ(1))ds .
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Let Ω be the spae of L-onneting paths of lass W 1,2. The following map is a dieomorphism
Φ :
[0, 1]× Ω −→ Π
(s, γ) 7−→ ξ : t 7→ ϕFst(ξt) ,
whose dierential is
dΦ(s, γ)(δs, δγ) =
(
δs, tδsYst(γt) + dϕ
F
st(γt)δγt
)
.
Lemma 5.5. With the above notations, we have :
Φ∗α− Φ∗β = dA
where A(s, γ) =
∫ 1
0
sHst [γ(t)] dt−
∮
x
ω .
For s xed, note that {sHst} is the Hamiltonian whih generates the Hamiltonian path {ϕHst}.
Démonstration. As a preliminary, we ompute the following derivation :
∂t [tHst(γt)] = Hst (γt) + tdHst (γ˙t) + ts ((∂tH)st) (γt)
= tdHst(γ˙t) + ∂s [sHst (γt)] .
By integrating from 0 to 1, it omes :∫ 1
0
∂s [sHst (γt)] = +H (s, γ(1))−
∫ 1
0
tdHst (γ˙t) .
Here is the omputations of Φ∗α and Φ∗β :
(Φ∗α)(s, γ)(δs, δγ) =
∫ 1
0
ω
(
sYst(γt) + dϕ
F
stγ˙t, tδsYst(γt) + dϕ
F
st(γt)δγt
)
=
∫ 1
0
[
−sd
(
Fst ◦ ϕ
F
st
)
δγt + tδsd
(
Fst ◦ ϕ
F
st
)
∂tγt + ω (γ˙t, δγt)
]
=
∫ 1
0
[ω(γ˙t, δγt) + sdHst (δγt)]− δs
∫ 1
0
tdHst [γ˙t] ,
and (Φ∗β)(s, γ)(δs, δγ) = −H (s, γ(1)) δs .
Hene, we get :
[Φ∗α− Φ∗β] (s, γ)(δs, δγ) =
∫ 1
0
[ω (γ˙t, δγt) + sdHst · δγt] + δs
∫ 1
0
∂s [sHst(γt)]
= dA(s, γ)(δs, δγ) .
One this omputation made, it is lear that the two approahes are equivalent. By ompleting
the L-orbits by half-disks, we simply take into aount possible disks with zero Maslov index in the
kernel of the sympleti ation ω : π2(M,L)→ R, whih gives a graduation.
Another slight dierene, Chekanov dened the ontinuation morphisms from ǫHǫt to Ht and
from Ht to ǫHǫt.
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